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1. INTRODUCTION
Consider the strongly damped nonlinear wave equation with the Dirich-
let boundary condition
¡ 2› u › u
y aD y Du s f u , u q g , x g V , t ) 0,Ž .t~ 2 1Ž .› t› t¢ <u x , t s 0, t ) 0Ž . x g › V
and the initial value conditions
› u
u x , 0 s u x , x , 0 s u x , x g V , 2Ž . Ž . Ž . Ž . Ž .0 1› t
Ž . w .where u s u x, t is a real-valued function on V = 0, q‘ , V is an open
n Ž . 1Ž .bounded set of R with a smooth boundary › V, a ) 0, D yD s H V0
2Ž . Ž . 1Ž . 2Ž .l H V , f u, ¤ g C R = R; R , g g L V .
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Ž . Ž . Ž . Ž . 1Ž .For the system 1 ] 2 where the function f u, u s f u g C R; Rt
XŽ . Ž . Ž Ž . .with f u F c for some constant c G 0, f 0 s 0, and lim< u < “‘ f u ru0 0
w xF 0, Webb 3 considered its asymptotic behavior and proved that it is a
Ž . w xgradient system. For the general abstract function f s f u, u , Massatt 4 ,t
w x Ž .  4and Hale 5 showed if the continuous semigroup of mapping S t : u , u0 1
 4 1Ž . 2Ž .‹ u, u for t G 0, from E s H V = L V into itself, defined byt 0
Ž . Ž . Ž .system 1 ] 2 if it exists is point dissipative and is a bounded map, then
Ž . Ž .there is a global attractor for 1 ] 2 in E.
In this paper, we consider the existence and Hausdorff dimensional
Ž . Ž .estimate of the global attractor in E for system 1 ] 2 where the function
Ž .f u, ¤ satisfies
d1 0¡ < <f u , ¤ g C R = R; R , f u , ¤ F k q k u ,Ž . Ž . Ž . 0 1~ 3; u , ¤ g R = R , Ž .Ž .¢ f u , ¤ F k , f u , ¤ F k , ; u , ¤ g R = R ,Ž . Ž . Ž .1 2 2 3
Ž . Ž .and its partial derivatives f u, ¤ , f u, ¤ satisfy:1 2
d1¡ < <f u , ¤ y f u , ¤ F k u y u ;u , u , ¤ g R ,Ž . Ž .1 1 1 2 4 1 2 1 2
d 2~ < < 4f u , ¤ y f u , ¤ F k ¤ y ¤ , ;u , ¤ , ¤ g R , Ž .Ž . Ž .1 1 1 2 5 1 2 1 2
d¢ 3< <f u , ¤ y f u , ¤ F k ¤ y ¤ , ;u , ¤ , ¤ g R .Ž . Ž .2 1 2 2 6 1 2 1 2
Ž . Ž .Ž . Ž . Ž .Ž .where f u, ¤ s › fr› u u, ¤ , f u, ¤ s › fr› ¤ u, ¤ , k ) 0, i s1 2 i
0, 1, . . . , 6, 0 - d - 1, d ) 0, j s 1, 2, 3.0 j
We obtain an upper bound of the Hausdorff dimension for the global
attractor by introducing a new norm in the phase space E which is
equivalent to the usual norm in E and by carefully estimating and splitting
the positivity of the linear operator in the corresponding evolution equa-
tion of the first order in time. The gained upper bound of the Hausdorff
dimension decreases as the damping a grows and remains small for large
damping a , which conforms to physical intuition. The idea of using such a
w x w xtechnique originates in Zhu and Zhou 6 and Wang and Zhu 7 . The
main result is the following theorem.
Ž . Ž . Ž .THEOREM 1. i If the function f u, ¤ satisfies conditions 3 , then the
Ž . Ž .semigroup defined by system 1 ] 2 possess a global attractor in the space
1Ž . 2Ž .E s H V = L V .0
Ž . Ž . Ž . Ž .ii If the function f u, ¤ satisfies conditions 3 , 4 , and a )
Ž . Ž .2k rl , then the Hausdorff dimension d B of the global attractor B for3 1 H
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Ž . Ž .system 1 ] 2 in E satisfies:
l1 2das
y1<d B F min l l g N , l F , 5Ž . Ž .ÝH j½ 5l k q « k2 3js1
where
l a al1 1
s s , « s ,22 2 2 4 q 2a l'a l q 4 q a a l q 4l 11 1 1
6Ž .
al y 2k1 3
d s
2a k q « kŽ .2 3
Ž .and 0 - l F l F ??? F l F ??? , l “ q‘ m “ q‘ are the eigen-1 2 m m
¤alues of operator yD with the Dirichlet boundary condition on V.
Ž . Ž . Ž . 1Ž .iii If the function f u, u s f u g C R, R is independent of ut t
Ž . Ž .and satisfies condition 3 and 4 , i.e.,
d X0< <f u F k q k u , f u F k ,Ž . Ž .0 1 2
7Ž .
dX X 1< <f u y f u F k u y u , ;u , u , u g R ,Ž . Ž .1 2 4 1 2 1 2
in which k ) 0, i s 0, 1, 2, 4, 0 - d - 1, d ) 0, then the Hausdorff dimen-i 0 1
Ž . Ž . Ž .sion d B of the global attractor B for system 1 ] 2 in E satisfiesH
l1 al s1y1<d B F min l l g N , l F . 8Ž . Ž .ÝH j 2½ 5l k2js1
Ž . Ž . Ž .It is easy to see from 5 and 8 that d B remains small forH
Ž . l y1sufficiently large a because 1rl Ý l is a decreasing sequence withjs1 j
Ž . l y1 Ž Ž ..respect to l and 1rl Ý l “ 0 as l “ q‘ but 2dasr k q « kjs1 j 2 3
Ž 2 .or al srk is an increasing function of a for suitably large a and1 2
2das al s l1 1
lim s lim s .2 2k q « k k 2ka“q‘ a“q‘2 3 2 2
Ž . Ž .So the Hausdorff dimension of the global attractor for 1 ] 2 is uniformly
bounded and is independent of the damping a if a is not very small.
2. PRELIMINARIES
Ž . 2Ž .It is known that the linear operator A s yD: D A “ L V is self-ad-
 4joint positive and the eigenvalues l of A satisfyi ig N
0 - l F l F ??? F l F ??? , and l “ q‘ as m “ q‘.1 2 m m
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Let
1r2 2< <u , ¤ s u¤ dx , u s u , u , ;u , ¤ g L V ,Ž . Ž . Ž .H
V
1r2 15 5u , ¤ s =u ? =¤ dx , u s u , u , ;u , ¤ g H V ,Ž . Ž . Ž .Ž . Ž .H 0
V
and
1r2
1 21 2< <1 2y , y s u , u q ¤ , ¤ , y s y , yŽ . Ž . Ž . Ž .Ž . H =LH =LH =L1 2 1 2 1 2 000
T T 1 2; y s u , ¤ , y s u , ¤ g H V = L V , i s 1, 2,Ž . Ž . Ž . Ž .i i i 0
2Ž . 1Ž . 1Ž .denote the usual inner products and norms in L V , H V , and H V0 0
2Ž .= L V , respectively.
Ž . Ž .Let u s ¤ , then 1 ] 2 are equivalent to the following initial valuet
problem in the space E:
ÇY s CY q F Y , x g V , t ) 0,Ž .
9Ž .T½ Y 0 s Y s u , u g E,Ž . Ž .0 0 1
where
00 IuY s , C s , F Y sŽ .ž / ž /¤ f u , u q gž /Ž .yA ya A 10t Ž .
D C s D A = D A .Ž . Ž . Ž .
w x Ž .Massatt in 4 proved that C in 10 is a sectorial operator on E and
generates an analytic compact semigroup eC t on E for t ) 0. By the
Ž . Ž .assumptions 3 , it is easy to see that the function F Y : E “ E is
continuously differentiable and globally Lipschitz continuous with respect
to Y. By the classical semigroup theory concerning the existence and
w xuniqueness of the solutions of differential equations 8 , we have following
lemma.
Ž .LEMMA 1. Consider the initial ¤alue problem 9 on the Hilbert space E.
Ž . Ž .If the function f u, ¤ satisfies conditions 3 , then
Ž . Ž . Ž .i For any Y g E, there exists a unique function Y ? s Y ?, Y g0 0
Ž . Ž . Ž .C R ; E such that Y 0, Y s Y and Y t satisfies the integral equationq 0 0
tC t CŽ tyt .Y t , Y s e Y q e F Y t dt . 11Ž . Ž . Ž .Ž .H0 0
0
Ž . Ž .In this case, Y t is called a mild solution of 9 .
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Ž . Ž . Ž . Ž Ž .. 1Ž .ii If Y g D C , there exists Y ? g C R ; D C l C R ; E0 q q
Ž .which satisfies 9 .
Ž . Ž .iii Y t, Y is jointly continuous in t and Y .0 0
Ž . Ž . Ž .For any t G 0, we introduce a map S t : Y ‹ Y t, Y , where Y t, Y is0 0 0
Ž . Ž .  Ž . 4the mild solution or solution of 9 , then S t , t G 0 is a continuous
Ž .semigroup on E or on D C .
Ž . Ž .LEMMA 2. Consider the linearized equation of 1 ] 2
¡U y aDU y DU s f u , u U q f u , u U ,Ž . Ž .t t t 1 t 2 t t~ <U x , t s 0, t ) 0,Ž . 12x g › V Ž .
T¢U x , 0 s j , h , x g V .Ž . Ž .
Ž . Ž . Ž . Ž .If the function f u, ¤ satisfies conditions 3 and 4 , then 12 is a well-posed
Ž . Ž .problem in E, the mapping S t defined in 9 is Frechet differentiable on EÂ
Ž .Tfor any t ) 0, its differential at w s u , u is the linear operator on E:0 1
Ž .T Ž Ž . Ž ..T Ž .j , h ‹ U t , V t , where U is the solution of 12 and V s U .t
Ž . Ž .Proof. It is clear from assumptions 3 that 12 is a well-posed problem
in E.
Ž .We first consider the Lipschitz property of S t on the bounded sets of
Ž .T Ž . Ž .T Ž .TE. Let w s u , u g D C , w s w q j , h s u q j , u q h gÄ0 0 1 0 0 0 1
Ž . Ž . Ž .D C . It is known from Lemma 1 that the solutions S t w s w t s0
Ž Ž . Ž ..T Ž . Ž . Ž . Ž Ž . Ž ..T Ž .u t , u t g D C , S t w s w t s u t , u t g D C .Ä Ä Ä Ät 0 t
The difference c s u y u satisfiesÄ
c y a Dc y Dc s f u , u y f u , u . 13Ž . Ž .Ä ÄŽ .t t t t
Ž . 2Ž .Taking the scalar product of 13 with c s u y u in L V and by theÄt t t
mean value theorem, we have
1 d 2 2 2< < 5 5 5 5c q c q a cŽ .t t2 dt
s f u q q u y u , u c q f u , u q q u y u c , cŽ . Ž .Ž .Ä Ä ÄŽ .Ž .1 1 t 2 t 2 t t t t
F by 3 and Poincare inequalityŽ .Ž .
y1 25 5 < < < <F k l c ? c q k c'ž /2 1 t 3 t
< < 2 5 5 2F c c q c ,Ž .1 t
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i.e.,
d 2 2 2 2< < 5 5 < < 5 5c q c F 2c c q c ,Ž . Ž .t 1 tdt
Ž .where c ) 0, q , q g 0, 1 . So, we have the Lipschitz property1 1 2
2 2 2Ä 1 2c t y c t s u t y u t q u t y u tŽ . Ž . Ž . Ž . Ž . Ž .Ä ÄH =L t t0
< < 2 5 5 2F exp 2c t h q j , ; t G 0. 14Ž . Ž .Ž .1
Consider the difference u s u y u y U, with U the solution of theÄ
Ž . Ž . Ž .linearized equation 12 of 1 ] 2 . Obviously,
u 0 s u 0 s 0, 15Ž . Ž . Ž .t
and
u y a Du y Du s f u , u y f u , u y f u , u U y f u , u U s h.Ž . Ž . Ž .Ä ÄŽ .t t t t 1 t 2 t t
16Ž .
By the mean value theorem, we have
h s f u q q u y u , u y f u , u q f u , u y f u , u u y uŽ . Ž . Ž .Ž . Ž .Ž .Ä Ä Ä Ä Ä1 3 t 1 t 1 t 1 t
q f u , u q q u y u y f u , u u y uŽ .Ž . Ž .Ä ÄŽ .2 t 4 t t 2 t t t
y f u , u u y f u , u u , 17Ž . Ž . Ž .1 t 2 t t
Ž .where q g 0, 1 , i s 3, 4.i
Ž . 2Ž .Taking the scalar product of each side of 16 with u in L V and byt
Ž .15 , we find
1 d 2 2 2< < 5 5 5 5u q u q a uŽ .t t2 dt
s h , uŽ .t
F by 3 , 4Ž . Ž .
< < < <1qd1 < < < < d2F u q k u y u q k u y u u y uÄ Ä Äžt 3 4 4 t t
< <1qd 3 < < < <qq k u y u q k u q k u ,Ä /4 5 t t 1 2 t
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i.e.,
d 2 2
u t q u tŽ . Ž .ž /tdt
2 2 2q2 d1F c u t q u t q c u t y u tŽ . Ž . Ž . Ž .Äž / ž2 t 3
2 2 d 2q2 d2 3q u t y u t u t y u t q u t y u t ,Ž . Ž . Ž . Ž . Ž . Ž .Ä Ä Ä /t t t t
Ž .where c ) 0, c ) 0. By the Gronwall inequality and 14 , we obtain2 3
2 2
u t q u tŽ . Ž .t
c t3 2q2 d1F exp c t u s y u sŽ . Ž . Ž .ÄH ž2c 02
2 2 d 2q2 d2 3q u s y u s u s y u s q u s y u s dsŽ . Ž . Ž . Ž . Ž . Ž .Ä Ä Ä /t t t t
1qd 1qd 1qd1 2 32 2 2 2 2 2< < 5 5 < < 5 5 < < 5 5F c h q j q h q j q h q jŽ . Ž . Ž .4
=exp c t , ; t G 0,Ž .5
where c ) 0, c ) 0, that is,4 5
2
1 2w t y w t y U tŽ . Ž . Ž .Ä H =L0
1qd 1qd1 22 2T T
1 2 1 2F c j , h q j , hŽ . Ž .H =L H =L4 ž / ž /0 0
1qd 32T
1 2q j , h exp c t , ; t G 0,Ž . Ž .H =L 5ž /0
Therefore,
2
1 2w t y w t y U tŽ . Ž . Ž .Ä H =L0
2T
1 2j , hŽ . H =L0
1qd 1qd 1qd1 3 3T T T
1 2 1 2 1 2F c j , h q j , h q j , h exp c tŽ . Ž . Ž . Ž .H =L H =L H =L4 50 0 0
T“ 0 as j , h “ 0 in D C . 18Ž . Ž . Ž .
1Ž . 2Ž . Ž . Ž .Since E s H V = L V is dense in D C , 18 is true for solutions0
Ž . Ž . Ž .w t , w t , U t g E. The proof is completed.Ä
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3. GLOBAL ATTRACTOR
In this section, we prove the existence of the global attractor of semi-
Ž . Ž .group S t , t G 0 defined by 9 .
1Ž .First, we define a new weight inner product and norm in E s H V =0
2Ž .L V as
1r2< <w , c s k u , u q ¤ , ¤ , w s w , w 19Ž . Ž . Ž . Ž . Ž .Ž . EE E1 2 1 2
Ž .T Ž .Tfor w s u , ¤ , c s u , ¤ g E, where1 1 2 2
4 q a 2l1
k s ) 0. 20Ž .24 q 2a l1
< < < < 1 2Obviously, the norm ? is equivalent to the usual norm ? in E.E H =L0
Ž .TLet w s u, ¤ , ¤ s u q « u, where « is chosen ast
al1
« s , 21Ž .24 q 2a l1
Ž . Ž . Ž .then the system 1 ] 2 or 9 can be written as
T
w q Lw s F w , w 0 s u , u q « u , 22Ž . Ž . Ž . Ž .t 0 1 0
where
0
F w s ,Ž . ž /f u , ¤ y « u q gŽ .
23Ž .
« I yI
L s ,ž /A y « a A y « I a A y « IŽ . Ž .
D L s D A = D A .Ž . Ž . Ž .
Ž .TLEMMA 3. For any w s u, ¤ g E,
al12 2< < < <Lw , w G s w q ¤ , 24Ž . Ž .EE 2
where
l a1
s s . 25Ž .
2 2 2'4 q a l q a a l q 4l1 1 1
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Ž .T Ž . Ž . Ž .Proof. For any w s u, ¤ g D L , from 19 and 23 , we have
al12 2< < < <Lw , w y s c y ¤Ž . EE 2
5 5 2 < < 2 2s « k u q a A¤ , ¤ y « ¤ q « u , ¤Ž . Ž .
al12 2 25 5 < < < <y s k u y s ¤ y ¤
2
2al «12 2 '5 5 < < 5 5 < <G « y s k u q y « y s ¤ y ? k u ? ¤ .Ž . ž /2 kl' 1
26Ž .
Ž . Ž . Ž .From 20 , 21 , and 25 , elementary computations show
al « 41
4 « y s y « y s G ,Ž . ž /2 kl1
Ž .thus by 26 ,
al1 T2 2< < < <Lw , w G s w q ¤ for w s u , ¤ g D L .Ž . Ž . Ž .EE 2
Ž .Since E is dense in D L , the proof is completed.
Ž .Now, we consider the absorbing property of the semigroup S t , t G 0«
Ž .defined by 22 on E.
Ž . Ž .TTaking the scalar product of each side of 22 with w s u, ¤ in E, we
find
1 d 2< <w s y Lw , w q F w , w . 27Ž . Ž . Ž .Ž .E E2 dt
Ž .By 24 ,
< < 2 < < 2y2 Lw , w F y2s w y al ¤ . 28Ž . Ž .EE 1
Ž . Ž .By 19 and 23 ,
2 F w , w s 2 f u , ¤ y « u q g , ¤Ž . Ž .Ž . Ž .E
F by 3 and Young inequalityŽ . Ž .
2< <g q kŽ .0 2 2 2< < < < 5 5F q al ¤ q s ¤ q s k uŽ .1al1
Ž .1r 1yd 0d 20d l kŽ .0 1 1q 1 y dŽ .0 d 1qd0 0ž /k s
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2< <g q kŽ .02 2< < < <F al ¤ q s w qE1 al1
Ž .1r 1yd 0d 20d l kŽ .0 1 1q 1 y d . 29Ž . Ž .0 d 1qd0 0ž /k s
Ž . Ž . Ž .Thus, by 27 , 28 , and 29 ,
d 2 2< < < <w F ys w q M ,E E 0dt
where
Ž .1r 1yd 02 d 20< <g q k d l kŽ .Ž .0 0 1 1
M s q 1 y d .Ž .0 0 d 1qd0 0ž /al k s1
Applying Gronwall's inequality, we obtain the following absorbing inequal-
Ž < < .ity in the space E, ? :E
M02 2 25 5 < <w t F u q u q « u ? exp ys t q 1 y exp ys t ,Ž . Ž . Ž .Ž .E 0 1 0 s
or
M02lim sup w t F , 30Ž . Ž .E
st“q‘
Ž .As a direct consequence of the absorbing property 30 , we have
Ž . Ž .T Ž Ž . Ž .LEMMA 4. The map S t : E “ E, u , u q « u “ u t , u t q« 0 1 0 t
Ž ..T Ž .« u t defined by 22 is point dissipati¤e and bounded for any t ) 0.
Ž . Ž .T Ž Ž . Ž ..TLEMMA 5. The map S t : E “ E, u , u “ u t , u t defined by0 1 t
Ž .9 is point dissipati¤e and bounded for any t ) 0.
< < < < 1 2Proof. Since the norm ? is equivalent to the usual norm ? inE H =L0
Ž . Ž . Ž .E and the relation of S t , defined by 22 , with S t is made by the«
reversible transformation u s u, ¤ s u q « u, i.e.,t
S t s R S t R , 31Ž . Ž . Ž .« « y«
where R is an isomorphism of E«
 4  4R : u , ¤ “ u , ¤ q « u .«
By Lemma 4, the proof is completed.
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Ž . Ž .THEOREM 2. The nonlinear semigroup S t , t G 0 of 9 possesses a
global attractor B in E.
Ž . yC tProof. By Lemma 5, 11 and e is compact, we complete the proof
of Theorem 2.
Ž .T 4 lLEMMA 6. For any orthonormal family of elements of E, j , h , wej j js1
ha¤e
l l
2 y1 y1< <j F k l . 32Ž .Ý Ýj j
js1 js1
w xProof. Similar to the proof of Lemma VI. 6.3 in 9 .
4. PROOF OF THEOREM 1
In this section, we estimate the Hausdorff dimension of the global
Ž .attractor B for 9 in E.
Ž . Ž .We consider the equivalent system 22 . By 31 and B is the global
 Ž . 4 Ž .attractor of the semigroup S t , t G 0 defined by 9 , R B is the global«
 Ž . 4 Ž .attractor of S t , t G 0 defined by 22 and R B , B have the same« «
dimension. So we need estimate the dimension of R B only. We consider«
Ž .the first variation equation of 22
X X
C s yL q F w C 33Ž . Ž .
with the initial condition
T
C 0 s j , h g E, 34Ž . Ž . Ž .
Ž .T Ž .T Ž .where C s U, V , w s u, ¤ is a solution of 22 ,
0 0XF w s 35X X XŽ . Ž .f u , ¤ y « u y « f u , ¤ y « u f u , ¤ y « už /Ž . Ž . Ž .1 2 2
< < < < 1 2Since the norm ? is equivalent to the usual norm ? in E andE H =L0
Ž . Ž . Ž .31 , it is easy to show from Lemma 2 that 33 ] 34 is a well-posed
Ž . Ž .problem in E, the mapping S t defined by 22 is Frechet differentiableÂ«
Ž .Ton E for any t ) 0, its differential at w s u , u q « u is the linear0 1 0
Ž .T Ž Ž . Ž ..T Ž .Toperator on E, j , h ‹ U t , V t , where U, V is the solution of
Ž . Ž .33 ] 34 .
Ž . Ž . Ž .LEMMA 7. Consider the system 22 with the conditions 3 and 4 . Let
 4F denote a set of l ¤ectors F , F , . . . , F which are orthonormal in E. If1 2 l
l
Xsup sup yL q F w F , F F 0, 36Ž . Ž .Ž .Ž .Ý j j E
F;E wgR B js1«
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then the Hausdorff dimension of the global attractor B is less than or equal
to l .
ŽProof. This is a direct consequence of Theorem V. 3.3, Eqs. V.
. Ž . Ž . w x3.47 ] V. 3.49 and identity VI. 6.24 of 9 .
Ž . Ž . Ž .LEMMA 8. If the function f u, ¤ satisfies conditions 3 , 4 , and a )
Ž .2k rl , then the Hausdorff dimension d R B of the global attractor R B3 1 H « «
Ž .for system 22 in E satisfies
l1 2das
y1<d R B F min l l g N , l F , 37Ž . Ž .ÝH « j½ 5l k q « k2 3js1
Ž .where « , d , s are defined by 6 .
Proof. Let l g N be fixed. Consider l solutions C , C , . . . , C of1 2 l
Ž . Ž . Ž .33 ] 34 . At a given time t , let Q t denote the orthogonal projector inl
Ž . Ž .TE onto the space spanned by C , C , . . . , C . Let F t s j , h g E,1 2 l j j j
Ž .j s 1, 2, . . . , l , be an orthonormal basis of Q t E. Consider the qualityl
l l l
X XyL q F w F , F s y LF , F q F w F , F .Ž . Ž .Ž . Ž . Ž .Ž .Ý Ý Ýj j j j j jE E E
js1 js1 js1
< <By Lemma 3 and F s 1,Ej
al1 2< <y LF , F F ys y h .Ž .j j jE 2
Ž . Ž .From 19 and 35 ,
X X X XF w F , F s f u , u y « f u , u j q f u , u h , hŽ . Ž . Ž . Ž .Ž .Ž . Ž .j j 1 t 2 t j 2 t j jE
F by 3Ž .
< < < < < < 2F k q « k j ? h q k hŽ .2 3 j j 3 j
k q « kŽ .2 3 2 2< < < <F j q da k q « k q k h ,Ž .j 2 3 3 j4da
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hence,
l
XyL q F w F , FŽ .Ž .Ž .Ý j j E
js1
l al k q « k1 2 32 2< < < <F ys y h q jÝ j j2 4dajs1
2< <q da k q « k q k hŽ .Ž .2 3 3 j
l k q « k al2 3 12 2< < < <F ys q j y y da k q « k y k hŽ .Ý j 2 3 3 jž /4da 2js1
F by 32Ž .
l k q « k 1 al2 3 1y1F ys q l yÝ j ž4da k 2js1
2< <yda k q « k y k h .Ž .2 3 3 j/
If
l2k 1 4das3 y1a ) , l F k , 38Ž .Ý jl l k q « k1 2 3js1
then,
l
XyL q F w F , F F 0.Ž .Ž .Ž .Ý j j E
js1
Ž .By Lemma 7, the Hausdorff dimension d R B F l .H «
Since
1 - k - 1, 39Ž .2
Ž .by 38 , the Lemma 6 is proved.
COROLLARY 1. If the function f is independent of u and satisfies condi-t
Ž . Ž .tions 7 , then the Hausdorff dimension d R B of the global attractor R BH « «
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Ž .for system 22 in E satisfies
l1 al s1y1<d R B F min l l g N , l F . 40Ž . Ž .ÝH « j 2½ 5l k2js1
Proof. It is a special case of Lemma 8 in which k s 0.3
Ž . Ž . Ž .COROLLARY 2. If the function f u, ¤ satisfies 3 , 4 , and yk F3
Ž . Ž . Ž .f u, ¤ F 0, ; u, ¤ g R = R, then the Hausdorff dimension d R B of2 H «
Ž .the global attractor R B for system 22 in E satisfies«
l1 al s1y1<d R B F min l l g N , l F . 41Ž . Ž .ÝH « j 2½ 5l k q « kŽ .js1 2 3
Ž .Combining with Lemma 8, Corollary 1, and 6 , the proof is completed.
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